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Abstract. Define the height function h(a) = minjfc + (ka mod p) : k = 

1, 2, , p — 1} for a E {0, 1, . . . ,p— 1.} It is proved that the height has peaks 

at p, (p + l)/2, and (p+c)/3, that these peaks occur at a = [p/3], (p — 3)/2, (p — 
l)/2, [2p/3] , p — 3, p — 2, and p — 1, and that h(a) < p/3 for all other values of 



a. 



1. Heights on finite projective spaces 



Let p be an odd prime and let F p = Z/pZ and F* = F p \ {pZ}. For d > 2, 
we define an equivalence relation on the set of nonzero d-tuples in F^ as follows: 
(ai+pZ, . . . , ad+pZ) ~ (bi+pZ, . . . , bd+pZ) if there exists k £ {1,2,... ,p— 1} such 
that (&i +pZ, . . . , 6^ +pZ) = (kai +pZ, . . . , kad+pZ). We denote the equivalence 
class of (ai + pZ, . . . , ad + pZ) by (ai + pZ, ...,a<i+ pZ). The set of equivalence 
classes is called the (d — l)-dimensional projective space over the field F p , and 
denoted P d - X (F P ). 

For every integer x, we denote by x mod p the least nonnegative integer in the 
congruence class x + pZ. We define the height of the point a = (ai + pZ, . . . , + 



Nathanson and Sullivan 2 introduced this definition of height in connection with 
a problem of Chudnovsky, Seymour, and Sullivan 1 in graph theory. 

The projective line P 1 (F p ) consists of all equivalence classes of pairs (a\ +pZ, a,2+ 
pZ), where a\ and are not both modulo p. If a\ mod p = 0, then (ai +pZ, a2 + 
pZ) — (pZ, 1 + pZ) and h p ((pZ, 1 + pZ)) = 1. If ai mod p ^ 0, then there is an 
integer a such that a = a^ l a2 (mod p) and (a± + pZ, a,2 + pZ) = (1 + pZ, a + pZ). 
Thus, for all a G P 1 (F P ), if a ^ (pZ, 1 + pZ), then a = (1 + pZ, a + pZ) for some 
integer a £ {0, 1, . . . ,p— 1}. For points on the projective line, we denote the height 
function by 



In Figure [T]we graph the height function h(a) for a = 0, 1, . . . ,p — 2 for the prime 
p = 4409. Note that h(p — 1) = p for all primes p. The graph shows peaks at points 
a fa p/2,p/3, 2p/3,p/4, 3p/4, . . . with values h(a) i=s p/2,p/3,p/3,p/4,p/4, . . . , and 
suggests the conjecture that for every positive integer fe and all sufficiently large 
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Figure 1 . Heights for the prime 4409 



primes p, the range of the height function consists of integers that are equal ap- 
proximately to p,p/2,p/3, . . . ,p/b, together with a set of numbers less than p/b. 
The goal of this paper is to prove this conjecture for 6=1,2, 3. 

2. Inequalities and identities 

Lemma 1. Let p be an odd prime number and let m and I be integers such that 
\<l<m<p-\. If 

(i-^p <a< lp 
m m 



then 

Proof. Since 
it follows that 



h(a) < ma — (£ — \)p + m. 
< ma - (£ - l)p < p, 



ma mod p — ma — (£ — l)p. 
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The definition of height implies that 

h(a) < m + (ma mod p) = ma — (£ — l)p + to. 



□ 



Lemma 2. Let p be an odd prime number and let i and m be integers such that 
l<£<m<p-l. Let 

mp 



for x < Ipjm. If 



then 



(£-l)p (,p-l 
- — < a < — 



mx 



m 



TO 



h(a) < H e ^ miP (a). 
Let u and v be real numbers such that 



{1 -l)p <u< ip_ 

m to V m 



p ^£p-l 
< v < . 



TO 



Ifu<a<v, then 



h(a) < max(He imtP (u),Ht, m ,p(v)). 



Proof. We have 1 < lp — ma < p. Dividing the prime number p by ip — ma, we 
obtain 

p = q(lp — ma) + r 

where 



1<<7 



P 



ip — ma 



< 



P 



lp — ma 



and 



1 < r < £p — ma — 1 < p — 1. 
Let k = mq (mod p). Then 1 < k < p — 1 and 

mqa = p(£q — 1) + r 



and so 

It follows that 



ka mod p — mqa mod p = r. 

h(a) < k + (ka mod p) 
< mq + r 



< 



ma — 1 + 



mp 



ip — ma 



He,m, P (a)- 



The function Hi tm ^ p (x) is decreasing for x < £p/m — \Jpjra and increasing for 
ipjm — \fpjm < x < ipjm. It follows that if 



(£-V)p <u< £p_ 

to m v m 



p £p-l 
< v < 



and u < x < v, then i?^ lTOjP (a;) < max(i^ ;miP (u), ^ iTOjP (w)). This completes the 
proof. □ 
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Lemma 3. Let p be an odd prime number and let m and £ be integers such that 
1 < £ <m <p — 1. If m < w < ^Jmp and 

ip p ip w 

m w ~ ~ m m 

then 

, / \ rap 
h(a) < — + w - 1. 
w 

Proof. We apply Lemma [5] with u = ip/m — p/w and v = [£p—w)jm. If m < w < 
y/mp, then 

(£ — l)p Ip p ^ Ip pp ^ £p w £p — 1 



m m w m \j m m m m 

Since the function Hg^ mjP (w) satisfies the functional equation 
it ft? P\ u f £p w\ mp 

tl£,m,p — tli ra r, — V W — 1 

\m w J \m m J w 

it follows that if 

£p p £p w 

m w ~ ~ m m 

then 

m,p 

h(a) < max(Hf m p (u),Ht m Jv)) = \-w-l, 

w 

This completes the proof. □ 

Lemma 4. Let p be an odd prime number and b a positive integer. If p > (b — l) 2 , 
then 

i i n P r(b — l) 

where p mod b = r. 

Proof. For each positive integer i, divide ip by b to obtain 

ip = qib + r, with < r, < b — 1. 
For each i, consider the set of integers k that satisfy the inequality 

(i - i)p ^ j, ^ w . n 

— b —< k <J=«i+J- 

Then fc < qi. Every integer k = 1, 2, . . . ,p — 1 satisfies exactly one of these inequal- 
ities for some i < b. If fc satisfies the zth inequality, then 

< ip — kb < p 

and 

k(p — b) mod p — ip — kb. 

It follows that 

k + (k(p — b) mod p) = ip — k(b — 1) 
> ip - qi(b - 1) 
= n + qt 

ip~r l 
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The inequality p > (6 — l) 2 implies that (i + l)p + ri+\{b — 1) > ip + n(b — 1) for 
i > 1, and so 

h(p — b) = min{fc(p — b) mod p + k : k = 1, . . . ,p — 1} > ^ H — -. 

Choosing i = 1 and k = qi gives /i(p — 6) = (p + ri(6 — l))/6. □ 
Lemma 5. Lef p be an odd prime number. Then 

h ,'p- 1 \ P+ 1 



Ifb is an odd integer, b > 3, and p > (6 — 1) , then 

(p-b\ _p , (6-2)r 
i 2 j 6 + 26 

w/iere p + 6 mod 26 = r. 

Proof. Let a = (p- l)/2 and k e {1, . . . ,p- 1}. If k = 21 for £ e {1, . . . , (p- l)/2}, 
then 

fca mod p = £(p — 1) mod p = p — I 

and 

fc + (fca mod p)=p + £>p+l. 
If fc = It- 1 for £ e l)/2}, then 

fca mod p = (^t(p — 1) — P - ^ mod p = - ^ - — £ 

and 

p — 1 p + 1 

fc + (fca mod p) = — V t> — - — . 

It follows that h((p - l)/2) = (p + l)/2. 

Let 6 > 3 and k £ {1, 2, ... ,p - 1}. If fc is even, then k — 11 for £ G {1, . . . , (p — 
l)/2}. For each positive integer i, divide ip by 6 to obtain 

ip = qojb + r a j with < ro,i < 6 - 1. 

For each i, consider the set of integers t that satisfy the inequality 

(j ~ ^ «, / < *P _ „ , r ^ 

—^<e< T -qo, + —- 

Then £ < go,i- Every integer £ = 1, 2, . . . , (p — l)/2 satisfies exactly one of these 
inequalities for some i < (6 + l)/2. If t satisfies the ith inequality, then 

< ip - tb < p 

and 

p — 6 i 

mod p = t(p — 6) mod p = ip — tb. 
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It follows that 



/ - | ( V -^- ) uunlp) = ip-l(b-2) 

>ip- QoA b ~ 2 ) 
2ip - 2r ,i 



_ 2ip (6 - 2)r , 



b b 

The inequality p > (6 - l) 2 implies that 2(i + l)p + (b - 2)r , i+ i > 2ip + (b - 2)r ,i 
for i > 1, and so, for even integers k, we have 

(1) mm{k+{k(p-b) mod p) : k = 2, 4, . . . ,p - 1} > y + ^ - . 

If fc is odd, then fc = 2£ — 1 for some I £ {1, . . . , (p — l)/2}. For each positive 
integer i, divide (2i — l)p + b by 26 to obtain 

(2i -l)p + b = 2bq lti + r lfi with < r M < 26 - 1. 

For each i, consider the set of integers £ that satisfy the inequality 

0<ip- (lb+?—-\ <p, 



Then I < qi^. Every integer I = 1,2,. . . ,{p — l)/2 satishes exactly one of these 
inequalities for some i < (b + l)/2. If I satisfies the ith inequality, then 



and 



2 

It follows that 



(i - l)p <£b+ < ip 



k I ^— — ) mod p = ip — ( lb + — J mod p = ip — lb — — . 



( ( ?-J?j modp^=ip-t(b-2)-?-^-l 

>ip- qi>i (b-2)-*^.-l 



(2i-l)p ({2i-l)p + b-r lti \ {b _ 2)+ b_ 1 



26 x 2 



{2% - l)p (6 - 2)n,j 



6 26 
The inequality p > (b — l) 2 implies that 

2(2i + l)p + (6 - 2)n )i+ i > 2(2z - l)p + (6 - 2)n, i 

for i > 1, and so, for odd integers fc, we have 

min ( fc+ f fc (t^) mod^ :fc = l,3,...,p-2l>^+ (fe - 2Kl 



26 
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Choosing i = 1 and I = q± t %, we obtain 
p — b 



(2) min jfc+ ( fc 
Observing that 



mod p : k = 1, 3, 



,p-2> = 



V , (6-2)ri, 



26 



2p r ,i(b-2) p (b - 2)n,x 
6 6 6 26 



and comparing (JXJ) and ([2]), we conclude that 6 ((p — 6)/2) = (p+ (6— l)ri i)/6. □ 

3. Peaks with height p/b for 6 = 1,2,3 
Theorem 1. Let p > 17 be an odd prime number, and let 

A 1 = {p-1} 

and 

*-{[£]■»-'}■ 

T6en /i(a) = p if and only if a € Ai and 6(a) = (p+ l)/2 «/ and only if a € A2. J/ 
o€{0,l,2,... s p-l}\(i4iUA 2 ) 

£6en 

6 (a) < - 
V 7 - 2 

Proof. By Lemma [T] with m = t = 1, we have 

ft (a) < a + 1 < 

for < a < (p-3)/2. 

By Lemma [1] with m — t— 2, we have 



p-1 



6(a) < 2a-p + 2 < 



p-1 



for (p+ l)/2 < a < (3p-5)/4. 

By Lemma [3] with m = I = 1 and u> = 3, we have 

%) <| + 2 <^±1 

for 2p/3 < a < p - 3. Note that 2p/3 < (3p - 5)/4 for p > 17. This completes the 
proof. □ 

Theorem 2. Let p be a prime number, and let 
A 3 = 





~p~ 


p-3 


■2p" 




{ 


.3- 


' 2 ' 


3 


,P-3| 



7/p = 1 (mod 3), t/ien 6(a) = (p + 2)/3 /or a e A 3 . If p = 2 (mod 3), f/ien 
6(a) = (p+l)/3 /ora = (p-2)/3 or(p-3)/2 and h(a) = (p+4)/3 /ora = (2p-l)/3 
or p — 3. 7/ 

oe{0,l,2,..,p-l}\(4 1 Ui 2 U4 3 ) 

M«) < f ■ 



s 



MELVYN B. NATHANSON 



Proof. Consider primes p = 1 (mod 3). Then p + 3 = 4 (mod 6) and Lemma [5] 
implies that h{{p - 3)/2) = (p + 2)/3. By LemmaH h(p - 3) = (p + 2)/3. 

We define g = (p-l)/3. If fc G {l,...,p-l}, then jfe = 31 - r for I e {1, . . . , q} 
and r e {0, 1,2}. We shall prove that if a = q or 2q, then /i(a) = minjfc + (ka 
mod p) : k = 1, . . . ,p — 1} = q + 1. Since fc + (fca mod p) > fc + 1, it suffices to 
consider only k < q or, equivalently, £ < (q + r)/3. We have 

fcg = (3£ ~ ^ ~ ^ =£(p-l)-rq = £p-e- rq. 

Since 

< £ + rg < < < p 

h - 3 _ 3 v 

it follows that kq mod p = p — £ — rq and 

fe + (/eg mod p) = p + 2£ — r(q + 1). 

This minimum value of this expression is q + 1, and occurs at £ = l,r = 2, and 
fc = 1. 

Similarly, 

fc( 2g ) = (3l-r)(2p~2) = ^ _ 2) _ = 2 ^ _ 2£ _ ^ 
3 

If r = 2, then p < 21 + Aq < 2p and k(2q) mod p = 2p - 21 - 4g. Then fc + (/c(2g) 
mod p) = 2p + ^-4q+2 = 2<? + £ + 4. If r = or 1, then 2£ + 2rq < 2£ + 2q < (8q + 
2)/3 < p and k(2q) mod p = p-2^-2rg. Then k + (k(2q) mod p) = p + £-2rq-r 
has a minimum value of q + 1 at £ = 1, r = 1, and k — 2. Thus, /i(a) = g + 1 if 
a € A 3 . 

Next we consider primes p = 2 (mod 3). Then p + 3 = 2 (mod 6) and Lemma [5] 
implies that h{{p - 3)/2) = (p + l)/3. By LemmaH % - 3) = (p + 4)/3. 

Let q — (p ~ 2)/3. We shall prove that /i(g) = g + 1. It suffices to consider only 
+ (kq mod p) for k — 1, . . . , q. Let fc = 3£ — r for r G {0, 1, 2}. If k < q, then 
I < (g + r)/3. We have 



and 



„ „„ (2 + 3r)g + 2r 8q + 4 

0< 2J? + rg < V ^ — < -i— < p. 



It follows that kq mod p = p — 21 ~ rq and so 

fc + (fcg mod p) = p + £ — rg — 2 = (3 — r)g + t. 

The minimum value of this expression is q + 1, and occurs when £ = 1, r = 2, and 
jfe = 1. 

We shall prove that h(2g + 1) = q + 2. Let k = M - r < q+ 1, where r € {0, 1, 2} 
and 1 < i < (g + r + l)/3. Then 

k{2q + 1) = (31 ~ r) f P ~ 1) =2£p-£- 2rq - r. 
If r = 2, then p<£ + 4g + 2= p + g + £<2p implies that 

k(2q + 1) mod p = 2p-(p + q + £)=p-q-£ 

and 

jfe + fc(2g + 1) mod p = p - q + 2i - 2 = 2q + 21 > 2q + 2. 
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If r = or 1, then 

0<£ + 2rq + r<£ + 2q + 2<p 

and 

k + (k(2q + 1) mod p) = {U - r) + (p - £ ~ 2rq - r) = p + 21 - 2r(q + 1). 

The minimum value of this expression is q + 2 and occurs when £ = r = 1 and 
k = 2. 

We have proved that if a G A 3 , then h(a) £ {(p + l)/3, (p + 2)/3, (p + 4)/3}. We 
shall prove that if a ^ A\ U ^2 U A3, then /i(a) < p/3. 

Applying Lemma[T]with I = m = 1, we obtain h(a) < p/3 for 

0<a<^. 
~ ~ 3 

Applying Lemma[T]with £ = 2 and to = 3, we obtain h(a) < p/3 for 

p 4p - 9 

- < a < . 

3 ~ ~ 9 

Applying Lemma [3] with £ = 1, to = 2, and w = 7, we have 

M«)<y + 6 



for 



By Lemma [SJ we have 



Since 



5p , . P - 7 

— < a < . 

14 ~ ~ 2 



p - 5\ < p+l2 



bp Ap - 9 



14 ~ 9 

it follows that if a < a < (p — 5)/2 and /i(a) > p/3, then a = [p/3]. 
Applying Lemma[T]with £ = m = 2, we obtain h(a) < p/3 for 

p 2p-4 

- < a < . 

2 - - 3 

Applying Lemma [1] with £ — m — 3, we obtain /i(a) < p/3 for 

2p 7p-9 

— < a < . 

3 ~ ~ 9 

Applying Lemma [3] with £ = m = 1 and tu = 4, we have 

ft(o) < 7 + 3 
4 



for 



Since 



3p 

— < a <p-4. 
4 - 



3p 7p - 9 



4 - 9 

it follows that if p/2 < a < p — 4 and /i(a) > p/3, then a = [2p/3]. This completes 
the proof. □ 
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4. Problems 

It is an open problem to describe the spectrum of the height function on projec- 
tive spaces P d_1 (F p ) for d > 3. It would also be interesting to have a reasonable 
definition of the height function for points in projective space over arbitrary finite 
fields. 
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